In this paper we solve the problem of constructing a consistent non-abelian Born Infeld action which is κ-supersymmetric to all orders. The key instrument in establishing our solution is the use of the new double first order formalism for p-brane actions introduced by us in a previous publication. Here we apply it to the case of a stack of N coincident D3-branes yielding a supersymmetric U(N) gauge theory. Our action has a large group of local symmetries GL(4) × Diff 4 whose parameters are all hermitian N × N matrices in color space. These symmetries can be used to gauge-fix or eliminate the set of auxiliary fields introduced by the double first order formalism which are also hermitian matrices in color space. The equations for the elimination of the auxiliary fields encode all the complexity of the supersymmetric non abelian Born Infeld action found in previous partial results. Last but not least our construction shows that the prescription for the generalization of κ-supersymmetric abelian actions to non abelian κ-supersymmetric ones is that of the symmetrized trace.
Introduction
Since the introduction of D-branes [1] and the second string revolution [2] the interest in the effective world-volume actions describing the microscopic dynamics of such essential superstring solitons has been very wide and continuous. Indeed both from the point of view of the gauge/gravity correspondence and for the study of many other aspects of non-perturbative string theory a firm control on such boundary actions is of vital relevance. In this context a long-standing unresolved problem was met. When we consider a single Dp-brane the corresponding world-volume theory is an abelian U(1) gauge theory in d = p + 1 dimensions with non-linear interactions encoded into a Born-Infeld action whose κ-supersymmetric extension has been consistently constructed in several different approaches [5] , [16] . Instead for a stack of N coincident Dp-branes the world volume dynamics is encoded into a non abelian U(N) Born-Infeld action, whose supersymmetric extension has stood as an open problem for a few years. Numerous partial results were obtained leading to a so far unconclusive evidence. In one approach the supersymmetrization of the non abelian Born Infeld action was studied by using field theory methods [3] and imposing κ-supersymmetry, in a second approach the same goal was pursued by deriving the action from calculations of the string amplitudes [4] . In both approaches the action was presented as an infinite series in the powers of the physical field strength F µν and, as it is obvious, only the first terms of such a series could be explicitly calculated. The data obtained in this ways left unanswered the question whether the supersymmetric extension of the Born-Infeld action is governed to all orders by the prescription of the symmetrized trace which appears to be the correct one for a purely bosonic theory. The above mentioned constructions focused mostly on the case of the space-filling D9-brane which leads to Yang Mills theory in ten dimensions. This was done to avoid the further complications due to the presence of scalar fields which occur when p < 9. Other results were obtained in the context of the superembedding formalism [9, 10] also for D0 and D3 branes, considered however as space filling branes in D = 4 supergravity.
In this paper we present our solution to this open problem by constructing a complete κ-supersymmetric non abelian Born-Infeld action in four-dimensions obtained from a stack of N coinciding D3-branes. The catch of our approach is the use of rheonomy [11] and of a new double first order formalism which we recently introduced in the abelian case [5] . The combination of these two ingredients allows us to present the complete supersymmetric action in such a way that it is formally identical to the corresponding bosonic action. Indeed, as it was already pointed out and exploited in [11, 12, 13] the rheonomic approach to p-branes, which is necessarily first order, encodes the fermion fields into the structure of the target manifold vielbein, which are supposed to be solutions of the bulk supergravity equations, and in this way tames all the complicacies of the fermionic terms, reducing the proof of κ-supersymmetry to a manageable and reasonably short calculation. The reason why the rheonomic approach could not be directly applied to general Dpbrane actions, just as it had been successfully applied to the membrane [12] or to the 0-brane action [13] resided in the lack of a first order formulation of the Born Infeld lagrangian. This difficulty was overcome in [5] where we introduced a double first order formalism capable of describing such a system as the Born-Infeld system. In the double first order formalism the local symmetries of the classical Polyakov like p-brane actions are upgraded as follows:
Diff p+1 × SO (1, p) enlarged → Diff p+1 × GL(p + 1, R) (1.1) namely, besides reparametrization invariance (Diff p+1 ) we have not just local Lorentz invariance but actually the full linear group GL(p + 1, R). The coset GL(p + 1, R)/SO(1, p) is parametrized by the space of symmetric (p+1)×(p+1) matrices and the enlargement of the symmetry in eq.(1.1)
is obtained by introducing an additional auxiliary field K ij which is precisely a symmetric matrix. In this approach the lagrangian takes the following form
where d = p + 1 is the dimension of the world-volume, e i , (i = 1, . . . , d) are the world-volume vielbeins, V a (a = 1, . . . , D) are the vielbeins of the target manifold (the bulk space in which the p-brane is immersed), F [2] = B [2] + dA is the field strength of the gauge field on the brane 1 , µ is the dilaton dependent coupling constant and Π a i , F ij , K ij are 0-form auxiliary fields. The auxiliary fields Π a i and F ij can be eliminated through their own field equations and represent, respectively, the derivatives of the physical scalar fields (the coordinates of the bulk space) 2 with respect to the world-volume coordinates and the components along e i of the field strength F [2] . These are standard items of the traditional first order formalism and nothing new happens there. The novelty is provided by the symmetric K ij . The wording double first order formalism originates from the fact that K ij is put equal, by its own equation of motion, to the pull-back of the bulk-metric onto the world volume. So it plays the same role as the world-volume metric h αβ in conventional Polyakov formalism. Yet K ij just provides the components of the bulk-metric along the world-volume vielbeins e i , which are additional independent dynamical variables. It is like we had introduced the world-volume metric twice. This doubling is compensated by the GL(p + 1, R) local symmetry of the action (1.1) which acts as follows on the fields:
The coset GL(p + 1, R)/SO(1, p) parameters can be used to eat up the degrees of freedom introduced by the auxiliary field K ij , while the parameters of the Lorentz subgroup SO(1, p) are used to gauge fix the antisymmetric part of the vielbein e i . Finally the field equations eliminate also the symmetric part of this latter. The distinctive advantage of this redundant formulation of the action is that by means of such a token we can apply rheonomy and prove κ-supersymmetry in an easy and compact way. Indeed, although at first sight the action (1.1) might look only bosonic, actually it already contains all the fermionic fields encoded into the bulk space vielbein. By construction hypothesis V a is a solution of the bulk supergravity equations in superspace. Hence V a is an externally given functional of the bulk space bosonic coordinates (X a ) and of the fermionic ones (Θ). Namely
The two-form B [2] is the pull-back on the brane world-volume of the superstring B-field 2 Actually Π a i provides the projection of the bulk vielbein V a along the world-volume vielbein e i which amount to the same as the derivatives of the bulk coordinates along the brane ones just in anholonomic indices rather then in holonomic ones where the summation on the hidden spinor indices carried by Θ is understood. For each bulk solution V a (X, Θ) b and V a (X, Θ) are explicitly given or calculable functionals. For instance, if we place our p-brane in flat superspace we have:
The non abelian extension of the double first order formalism
In this paper we show that the double first order formalism can be successfully extended to the non abelian case, corresponding to the microscopic description of a stack of N Dp-branes by means of a Born-Infeld U(N) gauge-theory in d = p + 1 dimensions. In this way κ-supersymmetry can be formulated and proved in the rheonomic framework also for the non-abelian action. Our method is general and applies to all values of p but here we provide the the explicit prove of κ-supersymmetry for the case of the D3-brane. This choice is only a matter of convenience, since we had already constructed within the new formalism the abelian D3-brane action [5] and it was just simpler to construct the non-abelian generalization for such case. The kinetic part of the action (1.2) is general for all p-branes and what changes from case to case is just the structure of the WessZumino term. Corresponding changes occur in the structure of the κ-supersymmetry projector. Yet what clearly emerges from our detailed analysis is that once the κ-supersymmetric action has been constructed in the abelian case its non-abelian U(N)-generalization is straightforward and uniformly given in terms of the steps we describe below. Furthermore the correct prescription to obtain the κ-supersymmetric action is that of the symmetrized trace. The non-abelian generalization of (1.2) is very simple and elegant. To begin with, all items in the construction are promoted to be the same objects as before but U(N)-Lie algebra valued, rather then R-valued as they were in the abelian case. We have:
∀Φ ∈ abelian theory : Φ → Φ αβ = Φ I λ I αβ (1.6) where λ I αβ = (λ I βα ) ⋆ , (I = 1, . . . , N 2 ) is a basis of U(N) generators, namely a basis for the space of N × N hermitian matrices. Explicitly we set
and we promote to hermitian matrices also the world volume vielbein 1-forms e i by setting: Note, however, that there is a difference between the matrix upgrading of the bulk-vielbein V a and that of the world volume vielbein e i αβ . In the case of the bulk the upgrading has to be understood in the following way. Given a supergravity background solution the vielbein V a is fixed to be some explicit functional of the target space bosonic coordinates X a and of the fermionic ones Θ. The form V a is upgraded to be hermitian-matrix-valued just because the bulk coordinates are upgraded to such a status:
In other words the bulk vielbein remains the same functional of X a and Θ as it was in the corresponding abelian case, but it is the X a and Θ that are matrices. Physically and geometrically this is very clear. The supergravity background is some given super-space-time in which I can either put a single Dp-brane or a stack of coincident Dp-branes. Since pull-backed to the world-volume the coordinates X a , Θ represent the positions of the branes in superspace, it is clear that when dealing with a stack, such positions are promoted to matrices. On the contrary in the case of the world-volume, the coordinates of this latter remain real numbers ξ µ ∈ R, but it is the vielbein 1-forms e i that is promoted to be U(N) Lie algebra valued.
The group of symmetries GL(p + 1, R) × Diff p+1 of the abelian action can also be upgraded in such a way that its parameters become U(N)-Lie algebra valued. Let us begin with the symmetry GL(p + 1, R). This is promoted to GL(p + 1, H), where H denotes the space of hermitian N × N matrices. Explicitly let A i j,αβ (ξ) be a generic d × d × N × N matrix depending on the worldvolume point. The action we are going to construct will be invariant against the following local transformation:
where the matrix product is understood in each of the above formulae. Obviously, as they stand, the transformations (1.10) depend on the order in which we write the matrices. However such order is irrelevant when the transformation (1.10) is implemented within a symmetrized trace which has the property of abelianizing all the products. The diffeomorphism symmetry Diff p+1 on the world volume M p+1 is also promoted to U(N)-Lie algebra valued parameters. In the following way. Let
− → t acts as the generator of an infinitesimal diffeomorphism by means of the Lie derivative:
Thanks to the linearity of the Lie derivative, the action (1.11) can be easily extended to the case where the vector field − → t is U(N) Lie algebra valued. Let − → v i be a basis of R-valued sections of the tangent bundle T M p+1 . The most general U(N) Lie algebra valued section of T M p+1 can be written as :
where the components t µ αβ (ξ) are N × N matrices. Correspondingly the action of the generalized diffeomorphism on the matrix valued field Φ [k] is the following one:
(1.13)
where the matrix product of t µ times what sits on its left is understood. We call Diff p+1 (H) the group generated by the infinitesimal H-valued diffeomorphisms (1.13) and Diff p+1 (H) will be a symmetry of the action we construct. Its presence is very important in order to be able to fix the static gauge and make contact with the physical content of the non-abelian Born Infeld theory. As stated previously, all the coordinates of the D-dimensional ambient space where the stack of branes is placed, have been promoted to hermitian matrices. Let us now subdivide these coordinates into two subsets X i (i = 1, . . . , d = p + 1) which we identify as the parallel directions to the brane world-volume and X ℓ ⊥ (ℓ = d + 1, . . . , D) which we identify with the orthogonal directions to such world-volume. The relevant point is that the parameters of the Diff p+1 (H) group are just as many as the parallel matrix valued coordinates X i , namely N 2 × (p + 1). Hence by means of the generalized diffeomorphisms (1.13) we are always able to impose the following gauge condition:
which is the static gauge definition. In other words we can identify the parallel coordinates with the world-volume coordinates times the unit matrix in color space. The final form of the BI action which is invariant against the afore mentioned symmetries and which is κ-supersymmetric is given below:
Eq. (1.15) constitutes our result and shows that the prescription of the symmetrized trace is indeed the right one to obtain a supersymmetric extension of the non-abelian Born Infeld action. We already explained the other fields appearing in the above action, we just need to recall that C [k] are the RR q-forms of type IIB supergravity, namely q = 0, 2, 4. To be precise they are the pull-back of these q-forms onto the world-volume. Once again, just as for the vielbein V a we have to understand that C [k] are given by their explicit value in any consistent supergravity background (solution of the supergravity field equations in superspace) where the bosonic and fermionic coordinates have been replaced by their non-abelian matrix valued counterparts. Finally φ is the supergravity dilaton field for which what we just said about the other background fields holds true as well. Given a classical type IIB solution we have to replace in φ(X, Θ) the abelian coordinates with the non abelian ones. The rest of our paper is devoted to:
1 To discuss the elimination of the auxiliary fields in (1.15) in order to obtain the second order lagrangian expressed solely in terms of physical fields 2 To construct the κ-supersymmetry projector and prove κ-supersymmetry of (1.15)
3 Briefly comment on comparison with previous partial results obtained in the literature.
2 From double 1 st to 2 nd order
We begin to implement our programme by considering the following double first order action:
which is guaranteed to possess the symmetries (1.10) and (1.13), (1.13). We show that by choosing the coefficients a 1 . . . a 6 , ν and the power α appropriately eq.(2.1) has the following properties:
1 Regarded as a purely bosonic action, namely disregarding the fermionic coordinates Θ implicit in the pull-back of the bulk fields V a , C [p] , it reproduces the non-abelian Born Infeld action with the symmetrized trace prescription.
2 Considered in superspace it is κ-supersymmetric and hence uniquely defines the sought for supersymmetrization of the non abelian Born Infeld action
In the present section we prove property [1] , in the next we prove property [2] . For the sake of both proofs we need to consider the elimination of the auxiliary fields in terms of the physical ones. This is what we just do below.
Retrieving the second order Born Infeld action with the symmetrized trace prescription We make the transition from double first to second order formalism by eliminating the auxiliary fields Π a i , K ij , F ij and e i through their own equations of motion. We discuss step by step such an elimination which works in completely analogous way to the same elimination performed in the abelian case, because of the magical abelianizing property of the symmetric trace. ⋄ Performing the δΠ a i variation we obtain:
Using the abelianizing property of the symmetric trace (see appendix A) and a 1 = −1/2d, from eq.(2.2) we get:
where
where we have named V a i the components of the bulk vielbein along the world-volume one: 
where the suffix S denotes the symmetric part of the matrix to which it is applied in the indices "i, j" but not in "α, β" . Using the solution (2.4) Π a i = V a i and a 2 = −1/2dα we obtain :
where, by definition, we have set:
which represents the pull-back on the world-volume of the bulk-space metric expressed in the basis of the world-volume vielbein e i . Note that G ij is also a hermitian matrix in color space. The solution of eq. (2.7) is :
⋄ From the variation in δF ij , using
4 and a 2 = − 1 2 d α , we obtain instead:
where the suffix A denotes the antisymmetric part of the matrix to which it is applied in the "i, j" indices and where F is the physical antisymmetric field strength F ij , namely the flat components of the 2-form F [2] expressed in the world-volume vielbein basis:
Obviously F ij is also a hermitian matrix in color space and, as usual, S in front of matrix products denotes the full symmetrization of the hermitian matrices in that space. Summing eq.s (2.9) and (2.10) we obtain:
which can be uniquely solved by the ansatz :
(2.13) and its inverse:
Note that we can add the exponents since we have the same matrix in the "α, β" indices which is a scalar in the "i, j" indices. Inserting (2.13) and (2.14) into (2.12) we obtain the constraint:
that is satisfied if :
At this point inserting eq.s (2.4),
4 back into the action (1.2), we obtain :
⋄ Next we consider the variation δe with respect to the world-volume vielbein:
where Ω t is a (d − 1)-form.
The general "matrix" solution of this equation is :
Now using the result:
and implementing eq.(2.19) for δe, we see that (2.17) becomes:
If we choose β = 1/2, we obtain α = 1/(d − 2) and the second order action becomes :
, which is the relevant case for a D3-brane we obtain: In the transition to second order formalism discussed above we need the explicit solution of the first order equations and the expression of the auxiliary fields F, K in terms of the physical degrees of freedom. These explicit solutions will also be important in our discussion of the κ-supersymmetry addressed in the following section. We can easily write down such explicit solution for the auxiliary fields, relying all the time on the magical abelianizing property of the symmetrized trace. Eq.(2.19) for the δe variation is:
and the other equation that we must solve is :
where it goes without saying that we must take the symmetrization of both sides of the above equations. Using our previous result:
we conclude that we have the following linear system of "matrix of matrices" equations:
Where we have always to understand symmetrization in the products of color matrices.
κ-supersymmetry
In this section we present the proof of the κ-supersymmetry possessed by the non-abelian D3-brane action (2.1) which we established within the framework of our new double first order formalism. Such a proof is completely analogous to the same proof that we gave in [5] for the abelian case. We review all the details of the proof in order to show how, at each step, the symmetric trace prescription allows the same conclusions to be drawn in the non abelian theory as they were in the abelian one. The subtleties involved in the manipulation of the κ-susy projector are collected into an appendix.
As explained in the literature [11, 12, 13, 14] , and reviewed in [5] κ-supersymmetry [6, 8, 7 ] just follows, via a suitable projection, from the bulk supersymmetries as derived from supergravity, the type II B theory, in this case. In the action (2.1) the coefficients
have already been determined. Next we prove that with an appropriate choice of ν, a 5 and a 6 the action (2.1) is invariant against bulk supersymmetries characterized by a projected spinor parameter. The first two coefficients will turn out to be numerical while ν will also depend on the bulk scalars. In the action (2.1)
where F [2] U(N) is the non-abelian field strength and B [2] is the value of the B-field provided by the considered supergravity solution with the bulk coordinates replace by their non-abelian counterparts. To accomplish the goal of our proof we begin by writing the supersymmetry transformations of the bulk differential forms V a , B [2] , C [2] and C [4] which appear in the action. From the rheonomic parametrizations (B.11,B.12,B.13,B.14) we immediately obtain:
where all fields are hermitian operators, also the ǫ parameter of κ-supersimmetry is an N × N hermitian matrix. Note that in writing the above transformations we have neglected all terms involving the dilatino field. This is appropriate since the background value of all fermion fields is zero. The gravitino 1-form ψ is instead what we need to keep track of. Proving κ-supersymmetry is identical with showing that all ψ terms cancel against each other in the variation of the action. Relying on (3.3) the variation of the W.Z.T term is as follows:
if we set a 6 = 8 a 5 the variation (3.4) simplifies to:
and with such a choice the complete variation of the Lagrangian under a supersymmetry transformation of arbitrary parameter is:
where :
Recalling eq.s (B.5) and (B.3) of the appendix the above eq.s (3.7) become:
where we have chosen:
In the above equation we have introduced the complex kinetic matrix which would appear in a gauge theory with scalars sitting in SU(1, 1)/U(1) and determined by the classical Gaillard-Zumino general formula 3 applied to the specific coset:
It is convenient to rewrite the full variation (3.6) of the Lagrangian in matrix form in the 2-dimensional space spanned by the fermion parameters (ǫ , ǫ * ) :
where A = A k Ω ′ k [3] , and Ω ′ k [3] ≡ K kp Ω [3] p and ǫ ijkp Ω [3] p = e i ∧ e j ∧ e k denotes the quadruplet of three-volume forms. The matrix A k is the tensor product of some matrix in spinor space with some 2 × 2 matrix in the space spanned by (ǫ , ǫ * ). Furthermore each entry in this tensor product is an N × N matrix in color space. It is convenient to spell out this tensor product structure which is achieved by the following rewriting:
and:
now, using (2.28), we set
3 For a general discussion of the Gaillard-Zumino formula see for instance [20] and we obtain always inside the symmetrized trace T r S :
This observation further simplifies the expression of A k which can be rewritten as:
The proof of κ-supersymmetry can now be reduced to the following simple computation. Assume we have a matrix operator Γ, in analogy with the abelian case, with the following properties:
where now we understand that all products are symmetrised. It follows that
is a projector since S P 2 = S(P ) and that
Therefore if we use supersymmetry parameters (κ, κ * ) = (ǫ, ǫ * ) P projected with this P , then the action is invariant and this is just the proof of κ-supersymmetry.
The appropriate S(Γ) is the following [19]
where: The proof of the two properties is identical to the abelian case [5] but with the prescription of symmetrization and not in the gauge G ij = η ij . We present a summary of such proof in the appendix C. Essential ingredients in that proof are the following identities holding true for any antisymmetric tensor F :
and
Summary and Conclusions
In this paper we have shown that the new double first order formalism previously introduced by us in [5] allows to obtain a full fledged κ-supersymmetric extension of the Non-Abelian Born-Infeld action for a D3-brane determined by the symmetric trace prescription. From our result, presented in the introduction in eq.(1.15) by elimination of the auxiliary fields we obtain a second order action that reads as follows:
The full fledged second order supersymmetric action containing all the fermions is implicitly given by eq.(1.15) upon substitution of the solution for the auxiliary fields (2.28) in terms of the physical ones. Indeed both G µν and F µν depend not only on the bosonic but also on the fermionic coordinates. Their dependence on these becomes explicit only when we specify a specific supergravity background.
Just as an example we can briefly sketch the case of flat superspace. There we have:
As we emphasized V a is a hermitian operator and using the non-abelian reparametrization invariance (1.12-1.13) we can fix the gauge (1.14). Similarly using the N × N κ-supersymmetry we can gauge away N × N × 16 fermionic degrees of freedom of the N × N × 32 originally introduced. The thetas gauged away Θ are those in the image of the κ-supersymmetry projector (3.20):
while the remaining N 2 × 16 fermionic coordinates Θ ⊥ are those in the kernel of (3.20):
The orthogonal thetas can be identified with the four 4-component gauginos of the supersymmetric Born Infeld theory:
These latter are hermitian matrices in color space since they are in the adjoint representation of the gauge group U(N).
Hence we can fix the diffeomorphism gauge with (1.14) and the kappa-gauge with Θ = 0. In this gauge and in flat superspace we can evaluate the full action explicitly. It is a long computation but at least the bosonic part is very easily displayed. We have :
and in this way the action becomes:
We can easily compare the above result with the result of Tseytlin in flat space time [15] . Indeed if we introduce an operator Q such that :
where Q is a gauge covariant function of X ⊥ , we preserve supersymmetry. Choosing
) (where i, j = a ⊥ , b ⊥ ) the result of Tseytlin in flat space time [15] is retrieved.
Conclusions and Outlook Our conclusion therefore is that, as far as we can see, the problem of determining a κ-supersymmetric and hence supersymmetric extension of the non-abelian Born Infeld gauge theory has been hereby solved. The D3-brane action leads to a non-abelian gauge theory in d = 4. The key instruments in our solution are the double first order formalism and rheonomy. The key aspect in the solution is that the symmetrized trace prescription is confirmed. Our action contains the fermions in an implicit way that can be made explicit in a straightforward and algorithmic way for each chosen supergravity background in which the brane stack is immersed, in particular flat superspace. It is an interesting programme for future publications to consider the expansion of our action, order by order in F µν powers and the comparison of these orders with the calculation from string amplitudes.
In this appendix we recall the definition of the symmetrized trace and we collect those of its properties that are most relevant to our construction of the κ-supersymmetric Born Infeld action. First of all for T r S we understand :
Pay attention to the fact that the symmetrization is not in any other of the indices that the A i operators might have besides the color ones. Indeed:
In particular if A [p] and B [q] are matrix valued differential forms of degree p and q respectively, then
We also have the following properties: .4) and in particular:
which follow from the fact that the symmetrization operation is idempotent as any other projection operation S 2 = S. In addition we can immediately prove the following identities .6) and
In particular identity (A.7) is a consequence of the most relevant property of symmetrization. It abelianizes, namely it transforms all non-abelian products into abelian ones. This is the essential catch that allows all the steps of the rheonomic construction of the κ-supersymmetric abelian Born Infeld theory to be extended to the non abelian case. In the derivation of field equations both for the physical and for the auxiliary fields we have to consider the variation of the symmetrized trace of a string of operators A 1 . . . A i−1 A i A i+1 . . . A n with respect ot one of them. Thanks to the crucial abelianizing feature of T r S we obtain:
In the Born Infeld action we meet the following type of functional:
where A and B are both matrices in color space and with respect to the space-time indices i, j.
The determinant is taken with respect to the space-time indices i, j and the symmetrized trace with respect to the color indices. Using property (A.8) we can easily perform the variation of Φ which is the standard kind of calculation involved in the construction of the non-abelian BI theory:
As we have already emphasized the important point is that the symmetrization "S" and in particular the symmetrized trace "T r S " transforms all non-abelian products into abelian ones.
Next we define the inverse of a " matrix of matrices " which appears in eq.(A.9). The correct prescription in order to obtain that the inverse of an hermitian matrix is also hermitian is provided by the symmetrization of the result. We define the inverse of the matrix (1 1 + F ) ij,αβ in the following way : .10) this is nothing else but the Taylor series development of (1 + x) α with α = −1.
Hence the prescription for the product of "n" symmetrized matrices is :
With such a definition we have :
For a general matrix A ij,αβ the inverse is defined in analogy with the Taylor series development of x α around the identity.
The relevance of symmetrization resides also in that the product of hermitian operators is hermitian as well. For example given two hermitian operators, A and B, we have :
B Type IIB supergravity summarized
The Free Differential Algebra of type IIB supergravity was singled out many years ago by Castellani in [17] and the geometric manifestly SU(1, 1) covariant formulation of the theory was constructed by Castellani and Pesando in [18] . We summarize the formulae relevant for establishing κ-supersymmetry of the D3-brane. Our notations are as follows.
with explicit 2-dimensional representation:
where ϕ(x) and C [0] are respectively identified with the dilaton and with the Ramond-Ramond 0-form of the superstring massless spectrum. The isomorphism of SL(2, R) with SU(1, 1) is realized by conjugation with the Cayley matrix:
Introducing the SU(1, 1) coset representative
from the left invariant 1-form Λ −1 dΛ we can extract the 1-forms corresponding to the scalar vielbein P and the U(1) connection Q The SU(1, 1)/U(1) vielbein and connection
The free differential algebra, the supergravity fields and the curvatures In II B theory there is a doublet of 2-forms A α µν . These latter transform in the 2-dimensional representation of SU (1, 1) and are related by the Cayley matrix of eq.(B.4) to a doublet of real 2-forms A Λ µν transforming in the 2-dimensional representation of SL(2, R):
We introduce a doublet of Majorana-Weyl spinor 1-forms (the gravitinos) having the same chirality:
In terms of these we define the complex doublet of gravitinos:
Then we can write:
The curvatures of the free differential algebra in the complex basis
In the above formulae, eq. (B.16) defines the covariant derivative of the coset representative of the scalar coset in the SU(1, 1) basis. It follows from the Maurer Cartan equations of G/H. Next, using the results of Castellani and Pesando [18] , we can write the rheonomic parametrizations of the curvatures (B.11-B.16) that determines the supersymmetry transformation rules of all the fields. Prior to that, in order to make contact with superstring massless modes it is convenient to introduce the following identifications:
where B [2] is the 2-form gauge field of the Neveu-Schwarz sector that couples to ordinary fundamental strings, while C [2] is the 2-form of the Ramond-Ramond sector that couples to D1-branes.
We have:
The rheonomic parametrization of the curvatures The supersymmetry at this point is obvious since the "T r S " in front of the variation makes all the products of operators abelian. The calculation is identical to the same calculation in the abelian case as it was presented in [5] . The only difference is that now we not fix the gauge G ij = η ij as we did there and we must keep track of the matrix G ij in all the steps of the κ-supersymmetry variation.
To implement this we just need to calculate some γ matrix products fully analogous to those calculated in the abelian case. We present only a couple of such product developments and only a part of the complete check of property [c] referring the reader to the identical calculations performed in [5] for the abelian case in the gauge G ij = η ij . We just have to relax that gauge. So for instance:
and similarly for all the other products. So, as we emphasized, we just have to impose equation (C.4) and κ-supersymmetry is realized. As a matter of an example we present the contributions from ∆ k and ∆ k : ∆ m (K −1 ) mk ( 
